The AM-GM Inequality is Equivalent to the Bernoulli Inequality LECH MALIGRANDA T T he AM-GM (= arithmetic-mean/geometric-mean) inequality is sometimes called the Cauchy inequality (1821):
ðAGÞ In the books [1] and [2] there are given 52 and 74 proofs of this inequality, respectively, and mathematicians still find new proofs (!). Much earlier, Isaac Barrow (1670) and Jacob Bernoulli (1689) proved the inequality, which now has the name Bernoulli inequality: 
Now, using inequality (C) successively, we obtain
and thus A n C G n . ðAGÞ ¼) ðBÞ: For n = 1 we have even equality in (B). If n C 2 and 0\x 1 À
, that is, (B) holds. Therefore, we can assume that n C 2 and x [ 1 À we obtain
and the inequality (B) is proved. From the theorem, it follows that one way to get a simple proof of inequality (AG) is to give a simple proof of inequality (B). Here is one:
The last inequality holds because the expression x nÀ1 þ x nÀ2 þ . . . þ 1 is bigger than n for x C 1 and smaller than n for 0 \ x B 1. Thus (B) is proved, and consequently also (AG). Other proofs of (AG) via inequality (B) were given in [6] and [3] .
